We study Nekrasov's deformed partition function Z(ε 1 , ε 2 , a; q, β) of 5-dimensional supersymmetric Yang-Mills theory compactified on a circle. Mathematically it is the generating function of the characters of the coordinate rings of the moduli spaces of instantons on R 4 . We show that it satisfies a system of functional equations, called blowup equations, whose solution is unique. As applications, we prove (a) F (ε 1 , ε 2 , a; q, β) = ε 1 ε 2 log Z(ε 1 , ε 2 , a; q, β) is regular at ε 1 = ε 2 = 0 (a part of Nekrasov's conjecture), and (b) the genus 1 parts, which are first several Taylor coefficients of F (ε 1 , ε 2 , a; q, β) , are written explicitly in terms of τ = d 2 F (0, 0, a; q, β)/da 2 in rank 2 case.
Introduction
In Part I of this paper [13] , we studied Nekrasov's partition function [15] for N = 2 supersymmetric gauge theory in 4-dimension (see also [14] ). It is defined as the generating function of the integral of the equivariant cohomology class 1 of the framed moduli space M (r, n) of torsion free sheaves on P 2 with rank r, c 2 = n:
Here (r + 2)-dimensional torus T acts naturally on M (r, n), and ε 1 , ε 2 , a = (a 1 , . . . , a r ) are generators of H * T (pt) = S * (Lie T ). (More precisely, this is the instanton part of the partition function. We multiply it with the perturbative part. See Subsection 4.2.) It can be considered as a series of equivariant Donaldson invariants for R 4 , and there are close relation to the ordinary Donaldson invariants, such as blowup formulas and wall-crossing formulas [14, 5] .
In this paper we study a similar partition function in which we replace the integration in the equivariant cohomology by one in equivariant K-theory:
We consider e βaα , e βε1 , e βε2 as characters of T here. The formal parameter β is introduced so that the K-theoretic partition function converges to the homological one when β → 0. It is called the partition function of the 5-dimensional supersymmetric gauge theory compactified on a circle in the physics literature where the radius of the circle is β.
Nekrasov
is the instanton part of the Seiberg-Witten prepotential for N = 2 supersymmetric gauge theory [17] with gauge group SU(r). The Seiberg-Witten prepotential is defined by certain period integrals of hyperelliptic curves, the so-called Seiberg-Witten curves. (See [14] for details.) This was a mathematically well formulated conjecture which is similar to mirror symmetry. The conjecture for the homological partition function was proved affirmatively by the authors [13] and Nekrasov-Okounkov [16] independently. Nekrasov also conjectured the same statements for the above K-theoretic version, and the technique in [16] can be also applied to that case.
We study the K-theoretic partition function through the approach taken in [13], which we briefly describe now: We consider similar correlation functions given by generating functions of characters of cohomology groups of Donaldson divisors μ(C) on the moduli spaces M (r, k, n) on the blowup plane P 2 . As a simple application of the Atiyah-Bott-Lefschetz formula, the correlation functions can be expressed by Z inst (see (2.2)). On the other hand, through a geometric study of moduli spaces on the blowup, we prove vanishing of certain cohomology groups (see Theorem 2.4). Combining these two results, we get a system of functional equations, called blowup equations, satisfied by Z inst . It determines the coefficients of q n in Z inst recursively. It also implies the regularity of F inst (ε 1 , ε 2 , a; q, β) and we get a differential equation for F inst 0 ( a; q, β), as limits of the blowup equations (see (4.12)). We call it a contact term equation, according to the name of their homological version. The contact term equation also determines F inst 0 ( a; q, β) recursively. The homological version of the contact term equation was much studied in the physics literature, and the Seiberg-Witten prepotential satisfies the equations (see [6] , [10] and the reference therein). By the uniqueness of its solution, the instanton part of the Seiberg-Witten prepotential is equal to F inst 0 ( a; q). This was our proof of Nekrasov's conjecture in [13] . It is natural to hope that the same proof can be given for the Ktheoretic version. But we do not find our K-theoretic contact term equation in the physics literature, and we do not know how to prove this assertion at this moment except for the case of r = 2. 1
